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Abstract
This report contains a numerical and analytical study of the disper­
sion relation of a Lorentzian beam in a cold plasma with collisions. Numerical 
results for the growth rate, the mode structure and the group velocity are 
presented for selected parameters and analytical generalizations of these re­
sults are given, both for the case of real wavenumber and real frequency. In 
particular it is shown that in either case the high frequency instability is 
quenched for a sufficiently large velocity spread and collision frequency and 
that this quenching occurs over a much larger parameter range than has previ­
ously been assumed.
I . INTRODUCTION
The linear stage of the instability of a charged particle beam in a 
plasma without external magnetic field has been the subject of numerous 
theoretical investigations^ . The influence of plasma temperature, beam
temperature and finite geometry has been treated in considerable detail; the 
effect of collisions, however, has received comparatively little a ttention, 
although it is of great practical importance in many experimental situations.
As a consequence, a number of relevant questions connected with the influence 
of collisions have remained unanswered, and other points still require clarr 
ification. Examples for this are the modification of the mode structure by 
collisions, the simultaneous influence of velocity spread of the beam and 
collisions in the plasma and the collisional enhancement of the instability at 
low frequencies or wavenumbers.
In this report we present a numerical study of the effect of col­
lisions on the instability of cold beams and beams with finite velocity spread 
interacting with a cold plasma in the absence of magnetic fields. The inves­
tigated parameter range was selected to correspond to experimental conditions 
of interest to us, the dimensionless formulation, however, allows, of course, 
to adapt the results to a wide range of experimental conditions. Some analytic 
generalizations that are presented should extend the usefulness of the results 
even further.
The following discussion is based on the dispersion relation of a 
Lorentzian beam in an infinite cold plasma with collisions. By cold plasma 
we mean in this context that we study a parameter range in which the thermal 
motion of the plasma electrons only enters in the collision frequency but does
2not modify the plasma dynamics to any appreciable extent.
The choice of a Lorentzian beam is motivated by two considerations. 
First, a Lorentzian distribution function gives a simple algebraic dispersion 
relation which, in the situations that have been investigated, gives results 
that are very similar to those obtained from a displaced Maxwellian distribu- 
tion^^’^^\ Secondly, beams of finite velocity spread produced experimentally 
resemble more Lorentzian distributions than Maxwellians. ^ 9 From the experi­
mental point of view a displaced Maxwellian is therefore not necessarily 
preferable over any other reasonable one parameter distribution function. 
Moreover, in the parameter region of most practical interest, the results are 
relatively insensitive to the detailed shape of the distribution function so 
that the dispersion relation based on a Lorentzian beam distribution, despite 
its shortcoming as a genuine distribution function, can be considered a useful 
model equation to study the parameter dependence of the situations of interest.
The distribution function
(1)
for the beam leads to
f =o
Av / tt
2 „ 2 Av + (v-v ) o
the dispersion relation
(JO ox
( 2 ) 1 =
+ iv ) [kAv - i (uo-kv )]' c o
(Up and uo^  are the plasma frequencies of plasma and beam respectively, is the 
collision frequency. Only collision between plasma particles are taken into 
account, collision of beam particles with either each other or with plasma
particles are negligible for low beam densities and high velocities. All
3ex
quantities are assumed to vary as e ^ ^  . Upon introducing the dimension-
kvo 2 2less variables x = uj/u) , h = ---; ex = w /oo , 3 = Av/v , u = v /co Equation 2p ^p B p  o c p
goes over into
(3) 1 ----- 1--- - ~
x(x+il>) [k3“Ì(x -h )]
In solving this dispersion relation we treat both the cases of real wavenumber 
and real frequency, the former being appropriate to the temporal development 
of the instability, the latter to the eventually resulting stationary state in 
a semi-infinite system or the injection of a premodulated beam into a plasma.
II. COLD BEAM WITH COLLISIONS
1. Real k, cu = u)^  + iy: For 3 = 0, Equation 3 reduces to the well known
dispersion relation for a cold beam 
(4) 1 = — 1 Oi- ------  + ------
x(x+iv) (x -h )
This equation has been discussed by Bludman, Watson and Rosenbluth. 
They found that the largest growth rate occurs for h « 1; for small collision 
frequency i?c «  y, the maximum growth rate is essentially that for the
( 4)
collisionless case, namely
(5) • d l ,^„^1/3y = o ou ( a / 2 )2 p
For v »  y collisions reduce the growth rate to c
( 6 ) y = to (ex/2i?)P
For low wavenumbers (h «  1), collisions enhance the instability and one finds
for the growth rate
(7) Y = u)p (cw v/2) 2
A numerical solution of Equation 4 confirms these results and reveals a number
of additional features of the instability.
Figure 1 shows a plot of the growth rate y/tt as a function of k for
-4various values of y .  Oi was kept constant = 10 . This value was chosen be­
cause it is representative of a typical experimental situation. We notice that 
with increasing collision frequency the maximum unstable wavenumber, which for 
the collisionless case is given by
(8) k _ = 1 + 3/2 (a/2)2/3opt
shifts to lower values. At the same time the unstable wavenumber range, which
1/3 3/2for the collisionless beam extends from h = 0 to h = (1 + ff ) , extends
out to k  -* °°. The maximum growth rate goes asymptotically toward.- a constant 
value in the limit of large collision frequency. This asymptotic value is 
readily obtained from the dispersion relation in the limit y »  x. Equation 4 
then reduces to
( s21UX (x-M.)
On the unstable branch we put x = h + e where e «  1 and obtain to lowest 
order in s /k
1 =
For the imaginary part of e we find
VH e
5a = IO '4 
¡ 3 - 0
Figure 1. Cold-beam growth rate as a function of wave number for 
different collision frequencies.
6The maximum growth rate follows from the condition
d Im 6
This condition is satisfied for k = — 7^ ; the growth rate follows as opt \v 3
(IP) (Im e) = k ( O i / 2 ) 2 opt
In Figure 2 we have plotted the maximum growth rate as a function of collision
frequency together with the approximate expression (5) (6) and (10). The
large collision frequency approximation of BWR agrees to within 10% with the
exact solution in the experimentally interesting region 0.1 < v < 0.5. The
breakdown of this approximation for larger v is due to the fact that the
maximum unstable k shifts away from the assumed value h = 1. This behavior
is shown in Figure 3 where k is plotted versus v together with theopt
approximate expression for small and large collision frequency.
Figure 4 shows a plot of the real and imaginary parts of the roots
of Equation 2 in the neighborhood of k  = 1, with v as a parameter. The picture
is reminiscent of the behavior of a warm beam without collision as discussed
(14)by O'Neil and Malmberg . The essential difference is that the unstable 
root is always located on the "slow beam-branch".
An interesting consequence of this is, that the harmonics of the 
plasma frequency can become unstable in the presence of collision since the 
unstable k-range now extends to infinity. This may have consequences for wave- 
wave coupling processes during the nonlinear phase of the instability. A small 
velocity spread, however, decreases the unstable range and the second harmonic
may become damped.
7PS-642
Figure 2. Maximum growth rate as a function of collision frequency.
Figure 3. Wave number at maximum growth rate as a function of collision 
frequency.
a = ÎCT4
/3 = 0
of wave number for different collision frequencies. 
The heavy lines corresponds to the unstable mode.
^  P S -6 5 0
Figure 4b. Real and imaginary part of the frequency as a function of 
wave number for different collision frequencies. The 
heavy lines corresponds to the unstable mode.
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Although the present example refers to only one particular value of
a , it follows from the deviation of Equation 6 that is the neighborhood of
3
k  = 1, y/WpU is a universal function of Oi/v .
The physical mechanism of the low frequency instability can be 
understood easily if we observe that for y »  cu the equation of motion for 
the plasma electron gives a pure viscous drift velocity of
( U ) v = ~ E/v D m  c
Consider a charge perturbation of wavelength X on the beam. The electric
field associated with a charge density n is E « 4tt en_ X. This field givesB B
rise to a drift velocity of the plasma electron of
4tt en„ X_ _e 
VD " m
B
The plasma electrons move in such a fashion as to compensate the beam space 
charge. The time necessary to do this is
( 12) V  . 2T  =  -------- =  V /CD
V p  c p
The fraction n^n^ appears because only this fraction of the plasma electron 
is necessary for space charge neutralization. If this time is equal to — the
CJU
neutralizing space change is just out of phase with the perturbation and the
original perturbation is enhanced. This gives the instability condition 
Uc 1 1T - n ~ ~  ~ ~ or uk = 1 which is of the correct order of magnitude. The
0) UJ kvP o
low frequency instability can therefore be classified as a viscous drag in­
stability, similar in nature to the hose instability^^
11
2. Real 0), k - + icr: For a beam in a cold collisionless plasma the imaginary-
part of k becomes infinite for (ju = u) and no stationary state is possible withinP
the linear regime. This divergence is removed by either including collisions or 
a finite plasma temperature. We shall assume in the following that collisions 
dominate over the temperature effect and discuss later the conditions under 
which this is true.
The dispersion relation
1 = + Ci
x(x + iv) (x -h )
can immediately be solved for h to give
K = Xr ±c'2>’ +
(13)
CTV
0)
with
2 ■ + < s + 
- 1A = 2 , 2X +  ])
B = ( 2 , 2x +  1)
- 1) +
2 /  2 
y /x
( 2 , 2,2(x + v )
We note that a negative imaginary k corresponds to growing waves propagating in
the positive z-direction. For the high frequency mode the maximum spatial growth
2will occur in the vicinity of x = 1. We therefore put x = 1 + g and obtain to 
lowest order in 0 and u.
av
(14)
U  1 -
r 2 ' <•'»* ( -e2 , 2e + u + 2 , 2 A6 +  V )
dCTThe condition for maximum spatial growth —  = 0 givesde
(15) e = - v / 3 h
12
With this value for e we obtain 
(16)
v
----  CTUU optP
33/4 j.
V -  (.a2„)2
and
(17) x = 1  - h vl3* + 0 (u2)opt
Hopt = 1 • % »A/3 + 3^/2 (a/2v)% + 0(v2)
We are now in a position to discuss the relative importance of 
collisions and plasma temperature on the spatial growth. The inclusion of 
plasma temperature leads to the dispersion relation
0)
(18)
U).
1 = + B 2 3T
( , . \ . 2 2  v 2 ’ e m(JO(cu + lv ) - k v (cu - kv )c e ’ o
Comparing the imaginary parts in the denominator of the first term on the 
r.h.s. we obtain the condition for collisions to dominate as
2(19) v a) »  2. k a v c r e
With the value for ct from Equation 16 this becomes
( 20 )
2 3/2 7Zv  V a/ 2«
0i
,3/4
For very small values of u (v «  0i) becomes comparable to ct and the
criterium (20) takes the form
(20a)
v 2
—  «2 ^  ,3/2 V 3 O'
It follows that for high energy, low density beams, collisions are almost 
always the dominate factor in limiting the spatial growth.
13
The frequency dependence of the spatial growth rate is shown in 
Figure 5 for selected collision frequencies. Similar to the case of real h , 
the maximum unstable frequency shifts to lower values with increasing col­
lision frequency, thus invalidating the assumption x « 1. In Figure 6, the 
maximum spatial growth rate is plotted versus collision frequency. For 
large u, ct goes towards a constant value. The analogy with the real k case 
follows immediately if we take the limit of large u in Equation 4. We obtain 
CTV
( 21 ) r 2 ■
u X
VJ)2 2 17 X
This is of the same form as Im x for k real with x and k interchanged. We 
therefore have maximum growth for x = and the limiting spatial growth 
rate becomes 
( 22)
CTV
U) 2 = 1/2 (a/2)^
%In this limit the Im k and the Im u) are connected via the simple relation
(23) Im (jo = v Im k o
III. SIMULTANEOUS ACTION OF COLLISIONS AND VELOCITY SPREAD
1. Reak ks The effect of a velocity spread on the instability of a Lorentzian
beam in the absence of collisions has been treated extensively by O'Neil and 
(14)Malmberg . The somewhat surprising result of their work is that for a 
critical velocity spread the unstable mode shifts from the "beam-branch" to 
the "plasma branch" of the dispersion relation. If collisions are present in 
addition to a velocity spread the question arises as to how the transition 
from the unstable beam branch to the unstable plasma branch proceeds when the
14 -X.,
o-v0 /ajp
(TVo /oj p
O"V0 /Wp
o"v0 /cup
CO/Wp
a =10*4
£  = 0
(TVo / W p
ctvq /cup
5X10
(TVo /OJp
Figure 5. Spatial growth rate as a function of frequency for different 
collision frequencies.
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Figure 6. Maximum spatial growth rate as a function of collision frequency.
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system goes from a collision dominated to a velocity spread dominated situation 
Figure 7 shows as an example for oi = 10 v = 0.01. As the velocity spread is 
turned on" , the unstable region on the beam branch shrinks from h = °° to a 
finite value k . With increasing velocity spread k decreases until for 
P ^ u/2 the roots of the dispersion relation take on a shape reminiscent of 
the cold beam dispersion relation except that all roots are offset by -iv/2.
Xf the velocity spread is increased further the unstable mode shifts over to 
the plasma branch and the subsequent behavior is qualitatively similar to the 
collisionless case.
The degeneracy point, where the unstable mode switches branches, 
can be obtained analytically in the following way:
If we introduce x ; = x + i ^ as a new variable, Equation 3 goes over
into
(24) 1 =
+ h i;2 [np - ■¥ + i (k - x')]‘
a
u _ 2 22 ~ and t? «  x this has the same form as the cold beam dispersion
maxrelation without collisions. The degeneracy point is given by m,1/3 3/2(1 + a ) an<3 in the vicinity of this point we expect x /(r ) to be the 
same as x (r ) for the cold collisionless beam.
The velocity spread has moreover the effect of splitting the in­
stability into two distinct modes, one at high and one at low frequencies. 
This is particularly noticable at higher collision frequencies. Figure 8 
shows an example for this behavior. These two modes behave differently as 
a function of velocity spread. Whereas the low frequency mode has always
though small, growth rates, the high frequency mode damps out above
17
a = 10'4 
v = 0.01
Figure 7a. Real and imaginary part of the frequency as a function of 
wave number for different velocity spreads. The collision 
frequency is constant = 0.01 u) . The heavy line corresponds 
to the unstable mode.
17a
P P -677
Figure 7b. Real and imaginary part of the frequency as a function of 
wave number for different velocity spreads. The collision 
frequency is constant = 0.01 uj . The heavy line corresponds 
to the unstable mode. ^
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a = 10-4 
v = 0.3
Figure 8. Growth rate as a function of wave number for different 
velocity spread at constant collision frequency.
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a certain critical velocity spread. This quenching of the high frequency mode
/ Q\was first noticed by Ascoli'' . For a beam with a displaced Maxwellian distri­
bution function of r.m.s. width Av, Ascoli found that collisions can quench the 
high frequency instability provided that
(25)
and
(26)
v >  ■ 01 (
Av _  1/3—  »  01Vo
The last condition requires that the beam is "warm” , or in other words, that 
the interaction is resonant.
(9)Based on numerical calculations Singhaus gives the criterium,
for quenching as
(27)
v 2
v > 0.66 . a
in close agreement with the value of Ascoli.
In Figure 9 we have plotted the maximum growth rate as a function 
-4of v and ¡3 for a - 10 . We see that the criterium given by Singhaus agrees
very well with the zero growth rate contour and that it is actually valid for
1/3much lower velocity spreads than the condition ¡3 »  a would indicate. The
reason for this is, that the criterium for the interaction to be resonant,
changes when collisions become important. This can be seen as follows:
For a cold beam in a collisionless plasma the frequency and wave-
number of the most unstable mode is given up to terms of order <y by
ci) - 0) ( l  - h (a/2)1^3)P
k - - B
20
Figure 9. Contours of maximum growth rate in a v-p-diagram. The line 
separating the cold beam and the warm beam region is 'given 
by p = a 1/3. ■
21
We therefore obtain for the phase velocity
(28)
Since the phase velocity is less than the beam velocity there are no beam 
particles with velocities equal to the phase velocity of the wave and the 
interaction is non-resonant. For resonant interaction to occur we must re­
quire that the velocity distribution of the beam particles is spread out 
over a velocity region of the order
in agreement with Equation 26. Av is now a suitable measure for the width 
of the distribution function.
A v = v - v o
This condition immediately gives the criterium
(29)
In the presence of collisions we have in the region of intermediate
collision frequency (u »  y )
(JO =  CL) ( 1  -  ( Oi/ 2 v )  2 )p
and
(30)
Applying the same arguments as above we obtain the condition for
resonant interaction as
(31) 3 > (a/2 v)2
This relation is very nearly the same as the Ascoli-Singhaus criterium for 
stability. We can therefore conclude that for parameters for which the
22
instability becomes resonant in the collision dominated regime, the in­
stability is also quenched so that a resonant instability is not possible.
Resonant interaction with non-zero growth rate can only occur when
vc «  Y
or
(32) v „ « ^  (o/2)1/3 »c Z p
The regions of resonant and non-resonant interaction are shown schematically 
in Figure 10.
Figure 10. Schematic diagram of the regions of resonant and non-resonant 
interaction.
- 23 -
For collision frequencies v > 0.6 the distinction between low and 
high frequencies mode loses its meaning, there is a continuous shift from 
high to low frequency as 3 is increased.
This behavior is further illustrated in Figure 11 where the unstable 
wavenumber range is plotted as a function of |3 for different values of u as 
a parameter.
We note that the low frequency mode is always present for finite 
collision frequency although it is restricted to a very small wavenumber range.
2. Real ok For real frequency we obtain from Equation 3
Kr = 7 7 7 2  {x ± ( a , 2 ) h  [' I + J ]  ± C l  +J ]  }i + P
CJV
U> 1 + 3‘
/+ (or/2)% TA 1B - VEJ + »x ±(a,2)h 7 f + M l
For the high frequency mode we put again
x = 1 + e
to obtain
avn/u)n = — "— ? |-(a/2)^ f- 
° ? 1 + B2 1 L 2 2e + v
(34) + 3
1 ~l2 .
( e 2 + v2)^
1 + ! ± (a/2)% 4 - 7 7 7  + 7 7 7 7 7 ]]}e + u ( € + v )
If the velocity spread and the collision frequency are not too large, e is of 
order v and we may neglect the last two terms in the last bracket and there­
fore have approximately
cv
(JU 1 [(a/2)% (  - f * — 2 + 2 1 2 % )  - e]1 + p e + u  € + u )
(35)
- 24 -
Figure 11. Contours of zero growth rate in a K-g-diagram.
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Maximum growth occurs again for e = - v/,/3 and we find
(36)
CTV
0)
1 T3 3/4
2  L 2 (<*/2u)^ - p]P 1 +
Similar to the case of real k complete quenching of the instability occurs for
(37) o3/23 01 ry
V > ~  ~ 2  = ° - b5 2
¡3 g
This criterium is very nearly the same as that given by Singhaus.
In Figure 12 we have plotted the maximum spatial growth rate in a 
u - 3 - diagram. The contour of zero growth rate agrees very well with the 
approximate analytical expression of Equation 37.
The frequency dependence of the growth rate is demonstrated in Fig­
ure 13. Again a splitting into a high and a low frequency mode occurs and the 
picture is qualitatively similar to the real k case.
Figure 14 shows the corresponding x - p diagram with the contours of 
equal growth rate.
The criterium for transition from non-resonant to resonant inter­
action can easily be given for the practically interesting region where
h(o'/21?) «  1. We found for the most unstable mode
(38) UU = 0) (1 - —11 )
P v  3
(39) k = (1 ■ 2 + I
The phase velocity becomes
(40) 3^ J-Vph " Vo (1 - 2 (“ /2u)2>
We require again that the velocity spread of the beam overlaps the phase 
velocity and arrrive at the condition for resonant coupling
26
Figure 12. Contours of maximum spatial growth rate in a v-(3-diagram.
CTVThe parameters are the values of — -. The dashed line istup
the approximate expression of Equation 36.
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a = 10 '4
v = 0.5
CUp
cup
cup
PP-678
Figure 13. Spatial growth rate as a function of frequency for different
velocity spreads at constant collision frequency. Instability 
corresponds to negative values of a.
- 28 -
Figure 14. Contours of zero spatial growth rate in a u)-|3-diagram.
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(41) ~  (a/2 v)^  = 3
This is again very nearly the same as the condition for quenching of the high 
frequency mode and valid for the same parameter range. It follows that in 
the region where the spatial growth is determined by collisions rather than 
plasma temperature, the instability is always of a non-resonant nature for 
real yo.
IV. GROUP VELOCITY AND RELATIONSHIP BETWEEN Im qp AND Im k
Under certain conditions the imaginary part of u) for real k and 
the imaginary part of k for real m are connected by the relationship
(42) | Im (jo | = v | Im k |§
dU)r
where v^ = -j^ ~ is the group velocity of the unstable waves. This relation
is frequently used in the literature to relate the temporal and the spatial
(18-19)growth of an instability . The above stated relationship follows
from the dielectric function
e (k,a)) = o
by writing it
e(k,uo) - er (k>ui>r + i tib) + i (k,tur + i o k )  = o 
and expanding it into a Taylor series for small cju^  . One obtains to first
order
(43) 0). =
1 de /dau I
r  ' t o  =  ou
e (k,uj ) = 0 r ’ r
In the same manner one finds for k = k + k.r i
et(kr ,u>)
ki = 9«_/3k Ik = k ; sr(kr >u)) = 0(44)
30
and Equation 42 follows. For this relation to be valid it is necessary that 
the growth rate is determined by the imaginary part of the dielectric function 
which is proportional to the slope of the distribution function. This in turn 
implies that the interaction is resonant. For the beam instability the applica­
tion of Equation 42 is therefore restricted to either the collisionless regime 
or, in the collision dominated regime, to the parameter region close to the 
instability limit.
To illustrate this point we have computed the group velocity for
various collision frequencies as a function of the velocity spread of the
beam and compared this with the ratio v /a for the most unstable mode.Topt opt
The group velocities are plotted in Figure 15 and the ratio, v /cr in Fig-Topt opt
ure 16. We see that Y0pt/CT0pt indeed approaches unity as the system approaches 
stability. For high collision frequencies the ratio also tends to unity, this, 
however, may be fortuitous.
Figure 17 shows a plot of the group velocity (computed for real k) 
of the unstable mode as a function of k for the same parameters as in Figure 
7. It is interesting to note, that the dramatic variation of the group 
velocity over the unstable wavenumber range, which is associated with the 
change in mode structure, is not at all reflected in the group velocity of the 
most unstable mode as shown in Figure 15 which just exhibits a monotonic 
decrease with increasing ¡3.
V„ SUMMARY
A numerical and analytical study of the dispersion relation of a
beam with finite velocity spread interaction with a cold plasma in the
- 31 -
Figure 15. Group velocity of the most unstable mode as a function of 
velocity spread for different collision frequencies. The 
end points correspond to the stability limit.
32
Figure 16. Ratio of Yopt/c7opt as a function of velocity spread for 
different collision frequencies.
33
a - 10"4 
v = 0.01
Figure 17 . Group velocity of the unstable mode as a function of 
wave number for different velocity spreads.
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presence of collisions, characterized by a constant collision frequency, 
allows the following general conclusions to be drawn.
(1) For a cold beam collisions tend to shift the wavenumber (frequency) 
of maximum instability towards lower values. In the limit of large collision 
frequency the instability becomes collision driven and the growth rate 
approaches a limiting constant value. The unstable root of the dispersion 
relation is associated with the slow-beam-branch.
(2) A velocity spread of the beam decreases the growth rate for
sufficiently large velocity spread the unstable mode separates into a high
and a low frequency mode. The instability of the high frequency mode is
2suppressed for collision frequencies larger than approximately cy/ß . The 
low frequency mode is always unstable but its growth rate becomes very small.
(3) For real wavenumber and a critical velocity spread, given 
approximately by ¡3 « ^  the unstable mode switches over from the beam branch 
to the plasma branch of the dispersion relation,
(4) The presence of collisions changes the criterium for the interaction
to be resonant or non-resonant. For real wavenumber resonant interaction
1/3 1/3occurs only for ß > a and v < a . For real frequency the interaction 
is always non-resonant provided that the spatial growth rate is limited by 
collisions rather than plasma temperature.
(5) In the non-resonant regime there is no general relationship be­
tween the spatial and the temporal growth rate except at high collision 
frequencies.
- 35 -
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